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We rewrite the Yukawa interactions of the standard model in terms of flavour-dependent vacuum
structure to address the family mass hierarchy and CP violation in both the quark sector and
lepton sector. It is realized for the first time that the Lagrangian only includes the same number
of degrees of freedom as phenomenological observables with no requirement of extra particles or a
new symmetry. The quark and lepton mass hierarchy arises as a natural result of the close-to-flat
vacuum in flavour space. The CP violation in CKM and PMNS is explained as a general quantum
phase between weak gauge eigenstates and Yukawa interaction states. The mechanism is proven by
reproduction of all current quark/lepton mass data and the CKM/PMNS flavour mixing matrix.
PACS numbers: 12.15.Ff, 14.60.Pq, 12.15.Hh
It is believed that there is some unknown mystery behind the Yukawa interaction in the Standard Model (SM).
Complex Yukawa couplings as a flavour-dependent matrix determine the fermion family mass hierarchy and flavour
mixings with CP violation in both the quark sector and lepton sector. The issues have been addressed with various
new physics schemes including discrete symmetry[1, 2], extra gauge groups [3, 4], extra dimension[5–7], and their
combination [8, 9]. Especially in the lepton sector, the Dirac CP violation has often been treated as a bridge between
SM neutrinos and new physics on the high energy scale [10]. Instead of introducing new particles or symmetries, we
rewrite the Yukawa interactions based on a close-to-flat flavour vacuum. Some pioneering research has investigated
flavour physics from the complex vacuum expectation value (VEV) [11]. Differing from the space-time structure
of vacuum, the flavour structure of vacuum in the letter means non-universal vacuum in flavour interactions. The
mechanism is inspired by the mathematic result that a flat matrix (all elements equal to 1) overlapping non-diagonal
symmetric perturbation δ can yield hierarchical eigenvalues(
1 1 + δ
1 + δ 1
)
diag−→
(
d1
d2
)
,
d1
d2
=
δ
2
+O(δ2). (1)
Based on the results, we propose the assumption that the Higgs vacuum is nearly flat in flavour space and that its
non-diagonal elements are corrected by symmetric real perturbations. First, we show that a family mass hierarchy
can arise naturally in terms of the mechanism in 3× 3 quark flavour space. Then, to address CP violation, a Yukawa
phase is introduced in terms of the general quantum principle. The quantum phase between Yukawa interaction states
and gauge eigenstates provides a common origin of CP violation. The rewritten Yukawa Lagrangian of quarks only
includes 8 d.o.f., which correspond to 2 up-type quark hierarchies, 2 down-type quark hierarchies, 3 CKM mixings
and 1 CP violation. The family-universal Yukawa coupling as a constant determines the total fermion masses in the
family. By reproducing all current quark masses and CKM at 3σ, the validity is verified. Finially, the mechanism is
generalized into lepton sector for normal hierarchy Dirac neutrinos, which is proved to be successful in reproducing
charged lepton masses, neutrino mass-squared difference ∆m2ij and the PMNS matrix. Replacing the complex Yukawa
coupling matrix yfij of the SM by a family-universal constant y
f (with family index f = d, u for down-type and up-type
quarks) , the Yukawa terms for quarks are rewritten as
−LY = ydQ¯LHdR + yuQ¯LH˜uR +H.c. (2)
with left-handed quark doublet QL, right-handed singlets dR and uR and H˜ = iτ2H
∗. In terms of the flavour vacuum
perturbation mechanism, the Higgs VEV obtains a close-to-flat structure in flavour space after spontaneous symmetry
breaking (SSB). Its non-diagonal elements are parameterized by 3 real δfij as
(v)fij = v0

 1 1 + δ
f
12 1 + δ
f
13
1 + δf12 1 1 + δ
f
23
1 + δf13 1 + δ
f
23 1


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2with SM VEV v0 and generation index i, j = 1, 2, 3. The quark mass matrix becomes
(mf)ij =
yfv0√
2
(1 + δfij) (3)
Physics masses mfi can be obtained by diagonalizing matrix m
f by a real orthogonal rotation Wf0
(Wf0 )
†
m
f
W
f
0 = diag(m
f
1 ,m
f
2 ,m
f
3). (4)
At the zero-order approximation δfij = 0, the eigenvalues of eq.(4) have one doubly degenerate zero eigenvalue and one
non-zero 3yfv0/
√
2. This case corresponds to flat vacuum in flavour space, in which only 3rd generation is massive
and the others are massless. At the 1st-order approximation, the quark mass eigenvalues are
√
2
yfv0
mf1,2 =
1
3
S
{
1∓ 2
√
1− 3P
}
+O(δ2) (5)
√
2
yfv0
mf3 = 3−
2
3
S +
2
27
S
(
1− 3P
)
+O(δ2) (6)
with parameters
S ≡ −(δf12 + δf13 + δf23) (7)
P ≡ δ
f
13δ
f
23 + δ
f
12δ
f
13 + δ
f
12δ
f
23
(δf12 + δ
f
13 + δ
q
23)
2
(8)
Defining the mass hierarchy hfij ≡ mfi /mfj , S and P are determined by hf12 and hf23 to leading order as
S =
9
2
hf23 +O(h2)., P =
1
4
+
hf12
6
+O(h2). (9)
Setting the family-universal Yukawa coupling yf =
√
2
3v0
∑
im
f
i , it determines the total mass of the family. In the
space of (δf12, δ
f
23, δ
f
13), eq.(7) represents a plane S1 with intercept −S, which is dominated by hf23 in eq.(9). Eq.(8)
represents a surface S2, which is dominated by hierarchy hf12. The intersection is allowed by fermion mass hierarchies
(see Fig.1 for details). Through reproduction of all quark mass date reported by [12] at 3σ, the parameter space of
vacuum perturbations is explored in Fig.2. Thus, it is shown that the close-to-flat flavour vacuum provides a natural
mechanism to address the quark mass hierarchy. In the transformation eq.(4), real vacuum perturbations cannot
FIG. 1: Parameter space and family mass hierarchies. Surfaces S1 (coloured rainbow) and S2 (coloured grey) correspond
to eq.(7) and eq.(8), respectively. As an example, hf
12
and hf
23
are valued at 0.05 and 0.02, respectively. The intersection line
(coloured deep blue) is the parameter space allowed by the fermion mass hierarchies.
provide a complex phase of CP violation in CKM. Now, we introduce a complex phase to the quark fields in the
3FIG. 2: Allowed vacuum perturbations in the space of (δf
12
, δ
f
23
, δ
f
13
) by quark mass data at 3σ: (a) down-type quark and (b)
up-type quark. The rainbow range is located between the maximum and minimum of hierarchy hf
23
.
Yukawa interaction. Due to the Yukawa interaction, not the gauge interaction, as a general case, a quantum phase
between weak gauge eigenstates qL,R and Yukawa interaction states q
(Y )
L,R is allowed,
d
(Y )
L,R = F
d
L,RdL,R, u
(Y )
L,R = F
u
L,RuL,R. (10)
The Yukawa phase has a diagonal form (FqL,R)ij = e
iθ
q
LR,iδij , which keeps the weak gauge symmetry invariant. In
Yukawa interaction states, the Lagrangian LY is expressed in a simple form,
−LY = ydQ¯(Y )L Hd(Y )R + yuQ¯(Y )L H˜u(Y )R +H.c. (11)
The quark mass matrices including the Yukawa phase become
m
q =
1√
2
yqFqL
†
v
q
F
q
R, q = d, u. (12)
Obviously, unitarity Yukawa phases have no effect on quark mass eigenvalues. However, they provide a quantum origin
of the CP violation in quark flavour mixings. Making unitarity transformations qL,R = (U
q
L,R)
†qmL,R to diagonalize
m
q, the quark weak current term becomes
−LW = g√
2
umL γ
µ
UCKMd
m
LW
+
µ +H.c.
where UCKM ≡ UuLUdL
†
is the CKM matrix. In the mass eigenstates, a pure rephasing can still be performed
qL,R → KqqL,R to obtain the standard parameterization of CKM [13]. In terms of eqs.(4) and (12), by decomposing
U
q
L,R into real orthogonal rotation W
q
0 and Yukawa phase F
q
L,R as
U
q
L,R = (W
q
0)
†
F
q
L,R, (13)
the CKM matrix becomes
UCKM = (W
u
0 )
†
F
u
L(F
d
L)
†
W
d
0. (14)
Note that the CP violation arises due to the combination with the Yukawa phase FuL(F
d
L)
†. Because a total phase
can be eliminated by rephasing, the Yukawa phases are generally parameterized by only 2 phases,
F
u
L = 1, F
d
L = diag(1, e
iβ1 , eiβ2). (15)
To reproduce the current CKM data [12], we choose a point (δd12, δ
d
23, δ
d
13) from Fig. 2(a) to match another point
(δu12, δ
u
23, δ
u
13) from Fig. 2(b) and then calculate UCKM by scanning all possible Yukawa phases β1 and β2 in eq.(14).
4If the results agree with the CKM data at 3σ, (δd12, δ
d
23, δ
d
13) and (δ
u
12, δ
u
23, δ
u
13) become a set of matched data. As an
example, one of the matched results is shown as follows:


δd12 = −0.06553
δd23 = −0.03541
δd13 = −0.007724


δu12 = −0.01673
δu23 = −0.01495
δu13 = −8.511× 10−5
(16)
In Fig.4, the the bounds of CKM mixings and CP violation for the set of matched data are separately shown in
the plane of Yukawa phase β1 − β2. No bound comes from θ13. Here the CKM mixing is chosen in the form of the
standard parametrization. Now, we have shown that a quantum phase between the Yukawa interaction state and
weak eigenstates provides the origin of the CP violation in CKM. Next, we generalize the flavour vacuum perturbation
δCP
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FIG. 3: Allowing Yukawa phases for the chosen vacuum perturbation data in eq. (16). (a) The points allowed by θ23, θ12
and δCP of CKM experimental data at 3σ are labelled in blue, yellow and green, respectively; (b) detailed at 3σ and 1σ,
corresponding to the yellow and green points, respectively.
mechanism to the lepton sector. Assuming 3 generation Dirac neutrinos with their masses from the Higgs mechanism,
the lepton Lagrangian can be written as
−Ll = g√
2
e¯Lγ
µνLW
−
µ + y
eL¯
(Y )
L He
(Y )
R (17)
+yνL¯
(Y )
L H˜ν
(Y )
R +H.c. (18)
with left-handed lepton doublet LL and right-handed singlet eR and νR. All formulas for quarks are conveniently
generalized to tge lepton sector. Lepton masses have the same formula as eq.(12)
mf =
1√
2
yf(FfL)
†
v
f
F
f
R, f = e, ν (19)
We have similar results to those in the quark sector:
(1) symmetric flavour vacuum vf is parameterized by 3 real non-diagonal perturbations;
(2) in a family, two of the vacuum perturbations are determined by two mass hierarchies hf12 and h
f
23, and one is
free;
(3) only 2 left-handed Yukawa phase differences have physical effects in PMNS;
(4) the Yukawa phase provides the origin of the Dirac CP violation in PMNS;
(5) in addition to the family-universal Yukawa couplings ye and yν , there are 8 parameters in lepton Yukawa
Lagrangian corresponding to 4 leptonic hierarchies and 4 PMNS observables.
Note that neutrino mass hierarchy hνij is determined by experimental data ∆m
2
ij after the lightest neutrino mass is
initialized. Due to the high-accuracy charged lepton masses, the allowed vacuum perturbations are distributed on a
thin surface S1. Instead of scanning the parameter space of perturbations, we adopt a method of intersection line
5reconstruction. Without loss of generality, we choose δf13 for f = e, ν as a free perturbation, and δ
f
12 and δ
f
23 are
determined by charged lepton/neutrino mass hierarchy hfij in terms of eqs.(7), (8) and (9), i.e., expressing δ
f
12 and
δf23 as functions of (h
f
12, h
f
23, δ
f
13). The allowed vacuum perturbations lie on an intersecting circle of surface S1 and
surface S2, like as one in Fig. 1. The PMNS matrix is related to lepton unitarity transformations lL,R = (U
l
L,R)
†lmL,R
by UPMNS ≡ UeLUνL†. Selecting a point (δf12, δf23, δf13) from reconstructed data for f = e and f = ν, we can match
them to current PMNS data [12] by running Yukawa phase ανi (i = 1, 2) from 0 to 2pi. If there exists a Yukawa phase
that makes the results lie in the 3σ range of PMNS parameters, then (δe13, δ
ν
13) is recorded. All matched results are
shown in Fig. 4 for the case of mν1 = 0.0001eV.
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FIG. 4: Matched results to PMNS in the plane of (δe13, δ
ν
13) with 3σ C.L.
In conclusion, the family mass hierarchy is successfully explained in terms of flavour-dependent vacuum pertur-
bation. In the mechanism, the CP violation in flavour mixings can arise as a quantum phase between the state in
the Yukawa interaction and that in gauge interactions. The written Yukawa terms greatly reduce the number of free
parameters that appear in SM Yukawa couplings. There are 3+ 3 vacuum perturbations (for up-type and down-type
fermions) and 2 Yukawa phases in the quark/lepton sector, which generate 2 + 2 mass hierarchies (for up-type and
down-type fermions) of quarks/leptons and 3 mixings and 1 CP violation in CKM/PMNS. The Family-universal
Yukawa couplings as a constant determine the total fermion masses in the family. This is the first time that the same
number of d.o.f. in the description of the flavour structure as that in physical observables has been realized without
the help of new physics. The mechanism is proven to be effective by reproduction of all fermion mass data and
CKM/PMNS mixings in both the quark sector and lepton sector. A remaining issue is to understand the dynamics
of vacuum perturbation. As an open problem, some possible reasons may come from flavour-dependent interactions
or the Higgs potential running with the interaction energy scale, which requires further investigation in the future.
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